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A Quasi-One-Dimensional Treatment of Chemical
Reactions in Turbulent Wakes of Hypersonic Objects

S. C. Lin* anp J. E. Havest
Awvco-Everett Research Laboratory, Everetl, Mass.

The effects of different mixing models on the chemical reaction histories in the turbulent
wakes of hypersonic objects are investigated in a quasi-one-dimensional approximation. The
radial propagation of the turbulent front is represented as a prescribed entrainment bound-
ary and the chemical composition of the initial flow entering the boundary is calculated ac-
cording to existing approximate methods for tracing chemical reactions in laminar flows. In
the absence of a suitable chemical kinetics theory for turbulent flows, only the limiting cases
of extremely slow and extremely fast viscous dissipation are considered for the subsequent
turbulent mixing process. Specific examples are presented for the flow behind hypersonic
spheres in air. In the slow-dissipation case, the high-entropy gas in the wake remains hot,
and may even be reheated strongly by three-body atomic recombination. This gives rise to
large amplitude fluctuations of the chemical species. In the fast dissipation case, the tem-
perature generally falls off rapidly with distance behind the sphere, but moderately strong
reheating may still take place due to sudden enhancement of the exothermic exchange reaction
N 4+ O:— NO 4 O. The mean electron density in the far wake is found to be extremely sensi-

tive to the mixing model.

I.. Introduction

HE study of wake phenomena behind high-speed objects

in the earth’s atmosphere has stimulated considerable
interest in hypersonics research in recent years.®! In 1959,
Feldman? obtained a set of numerical solutions for the con-
duction-controlled laminar trails behind spheres at hyper-
sonic speeds, using a quasi-equilibrium equation of state for
the high-temperature air throughout the flow field. How-
ever, from an earlier estimate, by one of the authors?® of
the characteristic chemical and ionization relaxation times
for the various parts of the flow field, it was found that the
high-entropy wake* would always be out of chemical equilib-
rium except at-gas densities corresponding to hypersonic
flight at relatively low altitudes. In view of the fact that the
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wake behind objects of ordinary sizes would become turbu-
lent at low altitudes, the assumptions of laminar flow and
of local chemical equilibrium did not appear to be mutually
compatible. This, indeed, has been found to be the case
from more detailed calculations of the streamwise relaxation
histories® and from recent experimental studies of the wake
transition phenomenon.6—10

The theoretical problem of turbulent diffusion in the wake
of a blunt-nosed body at hypersonic speeds was first treated
by Lees and Hromas! in 1961, adopting Reynolds hypothesis
of similarity between the turbulent transfer of mass, momen-
tum and energy, and using a turbulent diffusivity extra-
polated from Townsend’s low-speed experiments. In order
to bring out the main fluid dynamics effects without undue
complications by rate processes, Lees and Hromas again
assumed the equation of state of the gas to be that corre-
sponding to local thermodynamic equilibrium everywhere
in the flow field. This treatment has also been extended to
wakes behind slender hypersonic objects, such as hemisphere
cones and pure cones.!? Although the calculated rate ot
growth of the turbulent wake appeared to agree well with
experimental observations, predictions of the thermal ana
chemical properties of the wake from such theoretical models
remain of doubtful value until the question of reaction rates
in the flow field is properly examined.

More recently, various authors'®—15 have proposed to use
the integral method* for simultaneous treatment of diffusion
and chemical relaxation in turbulent as well as laminar wakes
behind objects of arbitrary (but axisymmetric) shape. The
terms for production (or depletion) of chemical species in
the species conservation equations in these treatments are
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considered identical in form for both the laminar and the
turbulent cases, and the reaction rate constants employed in
subsequent numerical caleulations are often those published
in the literature for homogeneous gas mixtures. Such treat-
ment of chemical reactions in turbulent flow is difficult to
justify since the instantaneous reaction rates within any
volume element of a chemically active, turbulent fluid with
initial large-scale inhomogeneities are expected to be highly
sensitive to the degree of microscopic mixing among the differ-
ent chemical species originated from different parts of the
flow field.

In the present paper, the problem of chemical reactions in
the turbulent wakes of hypersonic objects is treated from a
chemicophysics point of view, with a special objective of
gaining some insight into the primary effects of interaction
between the turbulent motion and the relaxation processes
in a nonequilibrium flow field. To do this, we shall adopt
a simple quasi-one-dimensional model in which the rate of
growth of the turbulent boundary with axial distance x be-
hind the object is assumed known, and all mean properties
within such a boundary are assumed to be functions of z
alone. The initial state of the gas entering the entrainment
boundary is to be determined from one of the existing ap-
proximate methods for following chemical reactions in
laminar flow fields. In the absence of suitable chemical
kinetics theory for heterogeneous turbulent flows, only two
extreme models of turbulent mixing, which allow simple
application of “laminar’ chemical kinetics, will be considered.

II. Two Extreme Models of Turbulent Mixing

Restricting our attention to the consideration of only
axially symmetric flow, the present treatment starts with a
replacement of the actual fluctuating boundary of the ap-
parently turbulent wake by a smoothed-out time-averaged
boundary y,(x). We shall assume that the flow everywhere
outside this boundary is laminar and steady in a coordinate
system fixed with the body, and that the mean flow inside
the boundary is quasi-one-dimensional. Since the rate of
radial propagation of the turbulent front is generally much
greater than the rate of propagation of viscous effects by
molecular diffusion, it is reasonable to neglect all effects of
viscosity and molecular diffusion in the external flow. A%
flight velocities much below meteoric velocities, one may
also neglect radiative heat loss from the wake.

The smoothed-out boundary y,(x) is to be determined
either directly from experimental observations?® or from an
approximate theory, such as the one proposed by Lees
and Hromas.'* With this boundary already specified, the
problem of mixing and chemical reactions within the turbu-
lent zone becomes one of adiabatic quasi-one-dimensional
channel flow with mass injection at the boundary. The
chemical state of the gas at the boundary is taken to be
identical to that at the corresponding geometrical point in a
purely laminar, inviscid, but chemical reacting flow field be-
hind the same object.

To determine the subsequent reactions and mean flow
properties within the quasi-one-dimensional wake as a func-
tion of axial distance z, the following two extreme models of
mixing are employed:

A. Inviscid Random Convection

This model assumes that the eddy motion simply stirs up
and redistributes the initial large-scale inhomogeneities across
the wake in a somewhat random manner without molecu-
lar diffusion and viscous dissipation across the “grain bound-
aries” of the eddies. This corresponds to the case of random
convection discussed by Obukhoff,® Corrsin,” and Batchelor®
in the limit of zero viscous dissipation rate. It has also been
called the “marble cake” model by Herlin, Herrmann and
others!® 2 in interpreting the apparently large density
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fluctuations observed by Slattery and Clay in some recent
ballistic range experiments.?! Since the time histories for the
individual fluid elements are not disturbed by the convective
motion according to this model, the mean flow properties
across the wake are simply given by the arithmetical averages
of the corresponding flow variables in an equivalent inviscid
laminar flow over the same width of the wake. Similarly,
the mean-square deviations of the various flow properties
about the mean can be obtained from similar averaging of the
radial distributions of the corresponding quantities in the
equivalent laminar flow.

B. Homogeneous Mixing

This model assumes that the new fluid crossing the turbu-
lent boundary is instantaneously and thoroughly mixed
with the old fluid already within the boundary at any axial
distance x. For this extreme model, which represents the
limiting case of infinitely fast viscous dissipation, the mean
flow properties across the wake as a function of x can be ob-
tained from a simultaneous tracing of the mixing and reaction
histories at the local mean temperature and density so
determined.

From elementary considerations, one may expect the first
model to be a good approximation to the early part of the
turbulent wake near the object, especially at high Reynolds
number. This is because of the rapid development of shear
instability in the transition process,?? so that the rate of
turbulence production generally overwhelms the rate of vis-
cous dissipation. Although the direct applicability of the
second model to any part of the wake is not clear at this time,
it does nevertheless serve as a useful reference for the study
of the possible effects of extremely rapid mixing and dissipa-
tion.

II1. Example of Blunt-Body Wake Flow

In order to bring out the principal effects of different mixing
models on the chemical reactions in a flow field with large
scale initial inhomogeneities, we shall consider the example
of flow behind spheres or sphere-like blunt objects at hyper-~
sonic speeds through the earth’s atmosphere.

A. Mapping of the Chemically-Reacting Inviseid
Flow Field

The chemically-reacting, laminar, inviseid flow field around
a hypersonic object of arbitrary shape can be obtained from a
number of approximate methods.® =2 For mapping of
the high-entropy flow field over great distances behind the
object for wake studies, the simplicity of the streamtube
method? 2% 24 generally outweighs the penalty of possible
errors caused by an imprecise prescription of the pressure
field. This is especially true for flow over smooth blunt
objects where the over-all chemical relaxation history is
relatively insensitive to the details of the base flow.

As a specific example, we shall consider an axisymmetric
flow associated with a bow shock shape shown in Fig. 1 and
a pressure field given in Fig. 2. The analytic curve shown
in Fig. 1 is taken from Fig. 11 of Ref. 12 for a hemisphere-
cylinder at flight Mach number M, = 22, and the experi-
mental points are obtained from a typical ballistic range
schlieren photograph taken at the Avco-Everett Research
Laboratory of a 0.22-in.-diam spherical pellet at 15,000 fps
velocity in room temperature air at 76 mm Hg pressure.
The streamwise pressure distribution along typical stream-
lines behind the shock shown in Fig. 2 is obtained from a
smooth fit between the Newtonian distribution* in the sub-
sonie region and the second-order blast wave distribution?s. 29
in the supersonic region for flow over a sphere at M, = 20.
Note that all perturbations caused by details of the base flow
(e.g., over-expansion, separated flow, recompression shock,
ete.2 11) have been smoothed out so that the resultant pressure



1216 8. C. LIN AND J. E. HAYES

T I rTTT T T T Ty

=
F Y yetx)

T T T

T
il

¥s_ X \0.466
e aa()

— HROMAS AND LEES (REF 12)
HEMISPHERE -CYL., Mg=22

O SCHLIEREN PHOTO (AVCO)
0.22"SPHERE , Mo =13.5

el Lo IS !

107! 1 10 102

T T

Lo

X

™
Fig. 1 Bow shock shape for hypersonic air flow over a
sphere of radius r.. y, is the radial coordinate of the
shock, and x is the axial distance measured from the
shock apex. k

distribution is more representative of the flow over a sphere
with suitably streamlined afterbody rather than the flow over
a pure sphere. Such a smoothed-out process undoubtedly
introduces some ambiguity in the interpretation of numerical
results, but the ambiguity is expected to be confined only
to the near wake (i.e., small axial distances behind the
object).

Considering air to be a pure mixture of O, and N, in the
ratio 21/79 by partial pressure, and using reaction rate con-
stants summarized in Refs. 30 and 31, the inviscid flow field
has been mapped out according to the streamtube method
to an axial distance of several thousand times the sphere
radius r, for several values of 7, over a wide range of ambient
air density p.. To reduce the mumber of flow variables to
a minimum, we have fixed the flight velocity U., to a value of
22,000 fps. This is not a serious limitation since, within
certain limits, the characteristic relaxation distances of
interest are not very sensitive functions of shock strength.? 3
Furthermore, there actually exists some close resemblance be-
tween the relaxation histories of different streamlines originat-
ing from different parts of the bow shock of different objects,
provided that the starting shock strength is the same (.e.,
same normal velocity component entering the shock). There-
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Fig. 2 Streamwise pressure distribution employed in
reacting inviscid flow calculations. This hypothetical dis-
tribution is approximately that for hypersonic air flow
over a sphere of radius r, (with suitably streamlined after-
body) at M, = 20. Sis the streamwise distance measured
from the bow shock surface along streamlines that inter-
sect the shock at the various indicated values of y,/r,.
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fore, the general conclusions obtained from the present in-
vestigation can be extrapolated to some extent to other
flight velocities.

The general complexity of the chemical and ionization re-
laxation histories in the inviscid flow fields of blunt objects
is illustrated by the typical plots of temperature, atom con-
centration, and electron density profiles in Figs. 3a-3d.
These profiles, plotted against the streamtube ordinate y./r,,
are taken at 100 radii behind a sphere of 1-ft radius at ambient
air densities corresponding to the various indicated -altitude
in an Air Research and Development Command Model
Atmosphere3? (y, is the radial distance at which the stream-
tube intersects the bow shock). From this specific example,
it is quite clear that the quasi-equilibrium flow assump-
tion? % 11 12 has indeed, a very limited range of validity for
the treatment of hypersonic wake flow in the atmosphere.
In fact, even at an altitude of 50,000 ft, there still exists a
noticeable portion of the high-entropy flow field (ie., 1 <
1Ys/Ta < 2) which is out of chemical equilibrium. For objects
of smaller than 1-ft dimensions, the nonequilibrium zone
would spread further inward toward the axis and persist to
lower altitudes.

From the wide divergence in shape of the various inviscid
profiles illustrated in Figs. 3a-3d, it is quite clear that ex-
treme care must be exercised in the selection of functional
forms for the analytical profiles to be employed in any laminar
diffusion caleulation using the integral method.’*=% In the
case of turbulent flow, the existence of such complicated
external profiles may also be expected to contribute signifi-
cantly to the difficulty in any two-dimensional treatment
of the wake.

B. Scaling of Binary and Ternary Reactions

Roughly speaking, for a simple hypersonic flow field con-
sisting of one main shock compression (subsonic) region
followed by an expansion (supersonic) region, as the one
under consideration, the chemical and ionic reactions along
each streamtube could get out of equilibrium in three different.
ways: 1) the endothermic reactions (e.g., dissociation and
ionization) lag behind the shock compression process all the:
way up to the sonic point; the exothermic reactions (e.g.,
atom-atom and electron-ion recombinations, electron. at-
tachment, etc.) also lag behind the subsequent expansion;
2) the endothermic reactions catch up with the shock com-
pression process before reaching the sonic point, but the
exothermic reactions lag behind the subsequent expansion;
3) the endothermic reactions lag behind the shock compres-
sion process up to the sonic point, but the exothermic reac-
tions keep pace with the subsequent expansion process.
Because most of the endothermic reactions of interest are
binary, whereas some of the important exothermic reactions
are ternary,? 31 all of the preceding three situations could
prevail, depending on the particular combination of r, and
peo.  'The problem of scaling of the inviscid flow field chem-
istry, therefore, becomes extremely complicated, if at all
possible. However, it can be shown3® that situation 3
actually would not cccur except for objects of microscopic
size at densities greater than the normal sea level density
po. Furthermore, even though perfect scaling of the entire
flow field is not possible, there exists some distinct regions
in the 7, vs p/po plane where either binary scaling,3\ 3¢ or
a simple combination of binary and ternary scaling,® would
be adequate for many aspects of the wake flow problem.

For the present treatment of the quasi-one-dimensional
turbulent wake, the approximate boundaries for these scaling
regions are illustrated in Fig. 4. The laminar-turbulent
transition boundary located at (p./po)r» = 107* ft corre-
sponds to the blunt-body critical Reynolds number suggested
by Lees in Ref. 10. At the flight velocity under considera-
tion, this boundary happens to coincide approximately with
the boundary dividing situations 1 and 2 described in the
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Fig. 3 Typical radial distributions of temperature, atom concentration (O] denotes number of moles of O atoms per
original mole of air, ete.) and electron density for axisymmetric laminar, inviscid, but chemically reacting hypersonic air
flow over sphere of 1-ft radius at 22,000 fps velocity and at ambient density corresponding to the various indicated altitude
(Air Research and Development Command 1959 Model Atmosphere). The example depicted is for an axial distance of
100 ft behind the shock. Note that the radial distributions are plotted against the streamtube coordinate y,/r,, which

refers to the location of the streamtube at the bow shock.

The dotted curves for quasi-equilibrium flow are based on

ambient air density corresponding to a referenced altitude of 50,000 ft.

preceding paragraph. The boundary (p./po)?r. = 1075 ft
between the binary scaling region B and the binary-ternary
sealing region B-T is determined by the criterion that three-
body atomic recombination recovers only about 109, of the
total energy invested in dissociation per unit mass flow across
the entire inviscid flow field at a distance of 100 radii behind
the object. The boundary (po/po)?r» = 4 X 1072 {t be-
tween region B-T and the equilibrium region £ marks the
point at which the neglect of all nonequilibrium effects would
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Fig. 4 Approximate boundaries for scaling of chemically
reacting hypersonic flow field behind spheres at 22,000 fps
velocity in air.

only cause an error of 109 in the calculation of total static
enthalpy per unit mass flow across the inviscid flow field at
the same axial distance. Within region B, all objects with
the same value of (p./po)r. have approximately the same
distributions of temperature, chemical, and ionic species (in
mole fraction) in a flow field plotted in terms of the non-
dimensional coordinates z/r, and y/r.. Within region B-T,
all objects with the same value of (p./po)?. have similar
distributions of temperature and chemical species but not
necessarily of the electrons and ions. The reason is that
although the rate-limiting step for the chemical relaxation
processes in the supersonic part of the flow field is three-
body atomic recombination, the rate-limiting step for the
ionic relaxation processes is predominantly two-body elec-
tron-ion recombination.?® Therefore, unless the latter reac-
tion is sufficiently rapid to keep the ionic species in quasi-
equilibrium with the local chemical composition and tem-
perature, the distribution of electrons and ions in the flow
field will not scale simply with the ternary scaling parameter
(pw/po)? To. 'The ionic relaxation histories, however, do not
have any significant influence on the chemical relaxation
histories since the degree of ionization is generally quite small
in the hypersonic flow field.? :

C. Location of the Turbulent Front

The rate of growth of the turbulent front behind spheres
at hypersonic speeds has been studied experimentally by
Slattery and Clay 2 and theoretically by Lees and Hromas. 1.1t
For small distances behind the sphere, Lees and Hromas pre-
dicted that the initial width as well as the rate of growth
of the turbulent front would be controlled by skin friction
and by detail structure of the based flow, and hence would
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altitudes.

be Reynolds number dependent. This was consistent with
the trend of Slattery and Clay’s data, even though there ex-
isted considerable scatter in the experimental data for the
first 100 diam behind the sphere. At greater axial distances,
however, both theory and experiment indicated that the
width of the turbulent wake grew quite clearly with the cube-
root of the axial distance and became insensitive to Reynolds
number. For the present problem, we have adopted the
following simple analytic expression for the turbulent entrain-
ment boundary:

Yr/Tn = 18Re. V4 + 0.8[(x/r.)® — 20V3] for /., > 20 (1)
where
Reo = p. Uoln/ tor =2 10'M o (peo/ po) T+,

is the Reynolds number based on the ambient condition (r,
given in feet for the last expression).

Such a boundary approximately satisfies the criterion that,
at small axial distances (i.e., /r, < 20), the rate of mass
flow through the turbulent core is equal to the rate of mass
flow into the boundary layer on the surface of the sphere
(based on local inviscid flow value of pu for the core flow).
At large axial distances (z/r. S 100), Eq. (1) fits closely the
experimental points summarized by Lees and Hromas.!
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equilibrium solution is slightly dependent on absolute
density.
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D. The Entrainment Process

The axial distance at which the turbulent front represented
by Eq. (1) intersects inviscid streamtubes originating from
different parts of the bow shock wave is illustrated in Fig. 5
for a sphere of 1-ft radius at two different altitudes. From
the typical profiles shown in Fig. 3, it is seen that the early
stage of development of the turbulent wake involves entrain-
ment of the most highly dissociated gas in the flow field., On
account of the flatness of the chemical composition profiles
for the external flow near the axis, the mean chemiecal com-
position within the turbulent front is not much affected by
the entrainment process. As the turbulent front grows, the
chemical composition of the inviscid flow entering the front
changes in the direction of decreasing degree of dissociation
at an ever accelerating pace until all the dissociated gas 13
eventually entrained. The point for essentially complete
entrainment of the dissociated gas is located somewhere
between 100 and 600 radii behind the sphere, depending upon
the combination of radius and air density. The dilution
effect of such an entrainment process would tend to shift the
averaged chemical composition across the turbulent wake from
that typical of the high-entropy gas along the stagnation
streamline in an equivalent inviseid laminar flow continuously
toward that typical of the cold ambient air (i.e., 219, O,
4+ 79% No).

E. Mean Properties of the Turbulent Wake Calculated
According to the Two Extreme Models of Mixing

1. Inviscid random convection

For the inviscid random connection model, each fluid
element is assumed to retain its own identity during the ran-
dom convection process. Thus, the chemical reactions within
each fluid element should proceed exactly the same way as if
the flow field were completely laminar. At a given axial
distance z, the peak value as well as the volume integral
of any physical quantity ® over a unit length of the turbulent
wake would be the same as those given by the equivalent
inviscid laminar flow profile out to the radial distance of the
turbulent front y,(x). The radial distribution of ®, how-
ever, is randomized by the convective motion within y,(z).
Because of the invariance of the volume integral of ® with
respect to its radial distribution, the averaged value of ®
across the turbulent wake is simply given by

2 ys(z)

P) = f (I% X, \( d, 2
(@) 7@ Jo (, y)ydy @)
where ®;(z, y) is the distribution of ® in the equivalent in-
viscid laminar flow. Similarly, the mean-square deviation
of ® about its averaged value within the turbulent front
is given by

(o - @)y =

2
yrix)

Typical plots of the peak temperature Tw.., the averaged
electron number density (n,), and the root-mean-square
deviations of mass density and of electron density within
the turbulent wake thus obtained are shown in Figs. 6-8 as
functions of the normalized axial distance z/r, and the
scaling parameters (pe/po)n, (pw/po)¥ra. It is interest-
ing to note that, according to this extreme model, there
exists an anomolous reheating effect in the B-T region of
Fig. 4 because of delayed three-body atomic recombination
of the high-entropy gas in an expanding flow field, causing
the peak temperature to rise above that corresponding to
isentropic quasi-equilibrium flow at some large distances
behind the object. Because of the persistency of fairly high
temperature within each volume element of ionized gas into
the far wake, electron attachment? is completely inhibited.
This leads to the persistency of relatively high averaged
electron density out to very large values of z/r, (see Fig. 7).

[ 1) — @)wa @
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Fig. 7 Averaged electron number density within tur-
bulent wake behind spherves at 22,000 fps velocity as a
function of axial distance and the binary-ternary scaling
parameters (inviscid random convection model). Note
that scaling of electron density in B-T region of Fig. 4
is only approximate since it is neither in quasi-equilibrium
with the local chemical composition, nor completely
recombination~controlled.

The present extreme model also predicts very large root-
mean-square deviations of the mass density and of the elec-
tron density about their respective average values in the
turbulent wake (see Fig. 8). TIn fact, the ratio between the
root-mean-square deviation and the averaged value of these
two quantities at very large axial distances is to increase
indefinitely with (z/r.)¥3. This, of course, cannot happen
in practice, since the continued increase in averaged gradient
caused by the random convection process is ultimately
checked by molecular diffusion.”® The maximum axial dis-
tance up to which the root-mean-square deviation of any
physical quantity may follow the upper-bound value repre-
sented by Eq. (3) is expected to be governed by the actual
viscous dissipation rate in the turbulent wake.

2. Homogeneous mixing

For the homogeneous mixing model, the newly entrained
gas is assumed to be instantaneously and homogeneously
mixed with the old, so that chemical reactions should proceed
according to the local temperature and chemical composition
at any given axial distance z. Thus, the rate of change of
the mean number density 7 of a chemical or ionic species of
type { in the wake with axial distance is determined by the
ordinary differential equation that follows:

d d dn

g EIYST) = N 7 W)+t <d_t§>c €5
where (dfig/df). is the net time rate of change of n¢ due to all
chemical and ionic reactions within the wake, which can be
expressed explicitly as a sum of terms involving the product
of the rate constant and the local concentrations of the reac-
tants.® These species equations (one for each species) can
be solved, at least by numerical methods, together with the
conservation equations for mass, momentum, and energy
for the steady quasi-one-dimensional flow:

(d/dx) (puy,®) = poui(d/dz)(y;?) (5)
(d/dx) (pa%y,?) = pauw(d/d)(ys®) — y,2dp/dx)  (6)
b+ (@%2) = h, + (us?/2) )

In the preceding equations, p, u, p, and & denote, respectively,
the mass density, axial velocity, pressure, and specific en-
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Fig. 8 Root-mean-square deviation of mass density and
of electron number density within turbulent wake calcu-
lated according to the inviscid random convection model.
This represents maximum possible degree of inhomo-
geneity in the wake since any diffusion effect would tend
to smooth out the gradients and hence decrease the
averaged fluctuations. Example depicted is for spheres
at 22,000 fps in air.

thalpy (including chemical energy) per unit mass of the gas
mixture; barred quantities refer to mean value within the
turbulent wake; subseript ¢ refers to the local inviscid flow
condition just outside of the turbulent front y;; and subscript
» refers to the ambient air condition. It may be pointed out
that the problem is now somewhat over-determined in the
sense that the mean pressure p caleulated from a simultaneous
solution of Eqs. (4-7), according to the prescribed entrain-
ment boundary y,, may not come out the same as the pressure
distribution originally used in the inviscid laminar flow caleu-
lations. Such a mismatch in pressure, however, has been
found to be slight enough to be negligible, especially in view
of the general insensitivity of the chemical relaxation histories
to perturbations in flow field pressure distribution.?

The mean temperature and the mean axial velocity within
the turbulent wake calculated according to this model are
shown in Figs. 9 and 10. The mean electron number density
is plotted in Fig. 11 for the case of no attachment (high alti-
tude limit). In Fig. 12, the mean electron density calcu-
lated with the effect of attachment included for the special
case of a 1-ft sphere is plotted (dotted curves) for com-
parison with that corresponding to the other extreme model
shown in Fig. 7 (solid curves).
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Fig. 9 Mean temperature within turbulent wake behind

spheres at 22,000 fps velocity as a function of axial dis-

tance and the binary-ternary scaling parameters (homo-
geneous mixing model).
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distance and the binary-ternary scaling parameters
(homogeneous mixing model).

Comparison of Figs. 9 and 6 shows that the mean tem-
perature in the homogeneously mixed wake first roughly
follows the peak temperature in the equivalent inviscid
laminar flow for some distance until the dilution effect of
entrainment comes into play. For values of (pe/po)%rn lying
in the B-T region of Fig. 4, the mean temperature appears
to fall monotonically with axial distance, indicating that the
rate of reheating due to delayed three-body atomic recom-
bination cannot keep pace with the rate of dilution. How-
ever, in the B region of Fig. 4, where most of the dissociation
energy in the high-entropy gas is initially frozen out, there
exists a fairly strong reheating effect starting at about z/r, =
50. This is caused by a sudden enhancement of the exo-
thermic chain reactions:

N+ 0:—>NO+0 ®
N+NO—-N,+ O 9)

when additional O, molecules are entrained into the wake from
the lower enthalpy external flow. To a somewhat smaller
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Fig. 11 Mean electron number density within turbulent
wake behind spheres at 22,000 fps velocity as a function of
axial distance and the binary-ternary scaling parameters
(homogeneous mixing model). Since the mean electron
density does not scale exactly with (o./p0)?r, in the B-T
region of Fig. 4, the two curves for (p./po)2r, = 2 X 104
and 2 X 107? ft are only meant to be representative for
spheres of radii not drastically different from the refer-
ence value of 1. ft. The effect of electron attachment is
not shown in this plot.
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extent, enhancement of reaction (9) due to entrainment of
additional NO molecules from the external flow also con-
tributes to the wake reheating effect. Such a reheating
process may be expected to continue until most of the N
atoms in the wake are converted into O atoms by reactions
(8) and (9).

Comparing the mean electron density 7, shown in Fig. 11
with the averaged electron density (n.) shown in Fig. 7, it
is seen that these two quantities assume approximately the
same value during the early phase of the entrainment process
(x/rn < 50). When the dilution effect of entrainment comes
into play at larger values of z/r,, the mean electron density
#ie falls off more rapidly with axial distance than (n,). The
difference between the two becomes more marked at high air
densities (or low altitudes) where the mean electron density
tends toward quasi-equilibrium with the local N and O atom
concentrations at the local temperature. At low densities
or high altitudes) the local electron density is controlled by
the binary dissociative recombination processes, such that,
in the absence of electron attachment,

<C—ldﬁ—e> = M Y ke (T)igr (10)
; t /. G
Since the recombination rate constant ke (7T) is only weakly
temperature dependent, ! the difference between 7, and {(n,)
becomes small. However, it may be noted that the electron
density generally falls off somewhat more rapidly than the
inversed first power of z. (The asymptotic behavior 7, ~
27! discussed in Refs. 5 and 10 corresponded only to the
situation where xqr = constant.)

Because the mean temperature 7 as a function of z/r, can
be scaled according to either (pw/po)7n OF (pw/po)% in the
B or B-T regions of Fig. 4, respectively, Eqs. (4) and (10)
suggest that the product 7. as a function of x/r, can be
scaled according to the same parameters, as long as the
electrons and ions are far out of equilibrium with the local
atom concentrations and temperature. In Figs. 7 and 11,
the preceding scaling law was found to hold only in the B
region and in the lower part of the B-T region of Fig. 4
(ie., small r,). In the upper part of the B-T region (i.e.,
large r,) the electrons and ions tend to be in quasi-equilibrium
with the local atom concentrations and temperature so that
the quantity 7./(p=/po) can be scaled according to the
parameter (p/po)%n. In the in-between region where the
electrons and ions are neither in quasi-equilibrium nor suffi-
ciently far away from equilibrium with respect to the local
atom concentrations and temperature, no simple scaling be-
tween 7, and (p./po) is possible. TFor this reason, the curves
labeled (pe/po)2ra = 2 X 1072 ft and (p./po) 2 = 2 X 10~ ft
in Figs. 7 and 11 are only meant to be representative curves
for typical sphere radii of the order of 1 ft. These should
not be used for scaling to values of 7, which are drastically
different from the referenced 1-ft value. Further discussion
of this scaling problem and illustration of additional numeri-
cal examples are out of the scope of the present paper, but
may be found in a separate report by the authors.s

The mean electron density curves with electron attachment
shown in Fig. 12 (dotted curves) were calculated from the
three-body attachment coefficient x, by Biondi, et al.’ % for
the process :

O+ 0y + e ——

Kd

Oy~ + Oy (11)

using & binding energy of 0.46 ev as suggested by Phelps
and Pack.¥ It was found that, in order for the attachment
process to affect the mean electron density distribution in the
far wake,' two separate conditions must be simultaneously
satisfied?: 1) the mean temperature must fall below a critical
value of approximately 600°K; and 2) the air density must
be sufficiently high so that the charadferisticattachment
time (k,m02%) ' becomes comparable to or smaller' than the
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Fig. 12 Comparison of mean and averaged electron
densities obtained from the two extreme models of mixing
for the turbulent wake behind a sphere of 1-ft radius at
22,000 fps velocity. Electron attachment is included in
the homogeneously-mixed model, but its effect appears
to be important only for x/r, > 10° and at altitudes below
about 150,000 ft.

characteristic electron-ion recombination time (ker/fi.) L
For the homogeneously mixed turbulent wake behind spheres,
condition 1 is satisfied only for z/r, S 10%. Condition 2
is satisfied when p./p0 = 1073, The onset of attachment
generally makes the departure of the mean and averaged
electron densities calculated according to the two extreme
models more drastic (see Fig. 12).

IV. Discussion

The general complexity of the problem of turbulent flow
behind hypersonic objects is well demonstrated by the pre-
ceding example of the flow behind an object of the simplest
possible shape, namely, a sphere. Even though the prob-
lem is basically three-dimensional in nature, the present
quasi-one-dimensional treatment does allow one to gan some
insight into the principal effects of turbulent mixing on the
over-all chemical relaxation history in the hypersonic wake.
This simple treatment also allows one to make quantitative
calculations of those physical properties of the wake which
are not sensitive to the mixing model, and to make upper and
lower bound estimates of some of the physical properties
of the wake which are sensitive to the mixing model.

Notable examples of wake properties that are not very
sensitive to the mixing model are the quantities related to the
three constancies of motion in adiabatic steady flow (namely,
the average mass density, flow velocity, and specific en-
thalpy). Typical examples of properties that are quite
sensitive to the mixing model, but the upper and lower
bounds of which can perhaps be estimated, are the mean
number densities of all the active chemical and ionic species
in the wake (assuming that all the relevant rate constants
are known).

The present investigation of finite reaction rates in the
turbulent wake clearly shows that, regardless of the mixing
model, the assumption of quasi-equilibrium flow is generally
a poor one for calculations of wake temperature and of all
chemicophysics properties of the wake, except when the
combination of object size and air density happens to fall
in the F region of Fig. 4. It is also quite clear that indis-
criminate application of “laminar’’ chemical kinetics to turbu-
lent flow can lead to serious errors.

In addition to the mean or averaged properties, there are,
of course, various statistical properties of the turbulent wake
that are of great practical interest. Even though the present
one-dimensional treatment does not concern itself with the
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statistical problem, some of the general results obtained from
this treatment, however, can be used to determine the upper
bound for some of the statistical properties. An example
of this is the maximum root-mean-square deviation of mass
density and of electron number density illustrated in Fig. 8.
More quantitative information on such properties can be
obtained by suitable consideration of the effect of finite
dissipation rate in the turbulent wake flow.
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